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Abstract

In work on multiprocessor real-time systems, processing
pipelines have received little attention. In this paper, soft
real-time periodic task systems are considered that include
such pipelines. Conditions are presented for guaranteeing
bounded deadline tardiness in such systems under global
EDF or FIFO multiprocessor scheduling.

1 Introduction

With the advent of multicore technologies, it is impor-
tant that real-time scheduling theory be extended so that
commonly-used multiprocessor programming techniques
can be supported in systems with timing constraints. One
technique of particular utility is pipelined execution, which
is used to increase throughput by leveraging the parallelism
inherent on multiprocessor platforms. In this paper, we con-
sider the problem of supporting such pipelines on a multi-
processor where the workload is specified as a periodic task
system with implicit deadlines (relative deadlines equal pe-
riods). If all deadlines in such a task system are considered
to be hard, then pipelines can be easily supported by assign-
ing a common period to all tasks in a pipeline and by adjust-
ing job releases so that successive pipeline stages execute
in sequence. Fig. 1 shows an example, where an ordinary
periodic task 7T executes on a two-processor system with
three other tasks, T3, T, and T3, which form a three-stage
pipeline (the kth job of T3, T3, and, T, respectively, must
execute in sequence). As seen in this example, as long as no
deadlines are missed, the timing guarantees provided by the
periodic model ensure that any pipeline executes correctly.

Unfortunately, for multiprocessor systems, if all dead-
lines must be viewed as hard, then significant process-
ing capacity must be sacrificed, due to either inherent
schedulability-related utilization loss—which is unavoid-
able under most scheduling schemes [1]—or high runtime
overheads—which typically arise in optimal schemes that
avoid schedulability-related loss [2, 3]. In systems where
less stringent notions of real-time correctness suffice, such
capacity loss can be avoided by viewing deadlines as soft.
This follows from recent work on global scheduling algo-
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Figure 1. Example task system.

rithms that has shown that bounded deadline tardiness can
be ensured with no utilization loss under a wide variety of
such algorithms, including algorithms that are less costly to
implement than optimal algorithms [4, 5]. Unfortunately, if
deadlines can be missed, then pipelines are not as easy to
support. For example, if the first job of 7 in Fig. 1 were
to miss its deadline, then its execution might overlap that
of the first job of T%. This violates the requirement that
successive pipeline stages must execute in sequence.

Motivated by the observations above, we consider in
this paper the problem of supporting pipelined execution
on a multiprocessor platform in systems where bounded
deadline tardiness is acceptable. Our goal is to deter-
mine whether such a system can be scheduled without
significant utilization loss. We focus specifically on two
global scheduling algorithms that are capable of ensuring
bounded deadline tardiness for ordinary periodic task sys-
tems (i.e., systems without pipelined tasks) with no utiliza-
tion loss [4, 5], namely, the global earliest-deadline-first
(GEDF) algorithm and the global first-in first-out (GFIFO)
algorithm. We wish to know whether these algorithms can
also ensure bounded deadline tardiness if pipelined tasks are
present with no utilization loss; if this is not always possi-
ble, then we would like to know the conditions under which
bounded tardiness can be guaranteed.

Related work. To our knowledge, pipelined execution
under global scheduling algorithms has not been consid-
ered before. However, distributed systems (which must
be scheduled by partitioning approaches) have been con-
sidered. For example, Jayachandran and Abedelzaher have
presented delay composition rules that provide a bound on
the end-to-end delay of jobs in partitioned distributed sys-
tems that include pipelines [6] or more general (acyclic)
precedence constraints [7]. These rules permit a pipelined
system to be transformed so that uniprocessor schedulabil-
ity analysis can be applied.



Several off-line algorithms have also been proposed
for scheduling tasks with precedence constraints in dis-
tributed real-time systems comprised of periodic tasks
[7,8,9]. Schedulability test for pipelined distributed systems
have also been proposed in which end-to-end deadlines
are supported by deriving deadlines for individual pipeline
stages [8,9].

Contributions. We show that the ability to support
pipelines with bounded deadline tardiness hinges upon a
pipeline parameter that we call “stretch,” with range [0, 1].
We present a general tardiness bound, which is applicable to
either GEDF or GFIFO, that expresses tardiness as a func-
tion of stretch and other parameters. This bound shows that
pipelines can be supported with bounded tardiness and no
utilization loss if each pipelined task’s stretch is less than

U . .
1 — —, where m is the number of processors and U is sum

of thgnm(m — 1) largest subtask utilizations, where by “sub-
task,” we mean a task corresponding to one pipeline stage.
In other cases, utilization loss is inherent. We prove this by
presenting a counterexample with unbounded tardiness in
which two two-stage pipelines execute on three processors.

Organization. The remainder of this paper is organized
as follows. Sec. 2 describes the system model. In Sec. 3,
the tardiness bound derivation that is our main result is pre-
sented. Sec. 4 concludes.

2 System Model

We consider the problem of scheduling a set 7 =
{T1,...,T,,} of n independent periodic pipeline tasks on
m > 2 identical processors. An h-stage pipeline task 7},
where 1 < h < m, consists of h subtasks, Tll7 ...Tlh. (If
h = 1, then 7T; is an ordinary periodic task.) Each subtask
is released repeatedly, with each such invocation called a
job. We assume that each job of T}" executes for exactly e}!
time units. This assumption can be eased to treat e]' as an
upper bound, at the expense of more cumbersome notation.
Note that reducing a job’s execution cost cannot increase
any job’s tardiness. The ;" job of 7}, denoted Tlhj is re-
leased at time 7/'; and has a deadline at time dj';. Associ-
ated with each pipeline task 77 is a period p;, which speci-
fies both the time between two consecutive job releases of
any subtask of 7; and the relative deadline of each such job
(.e., dﬁ ;= rlffj + p1). The utilization of a subtask Tlh is de-
fined as u;‘ = e;’ /p1, and the utilization of the task system
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To ease the reasoning in our tardiness-bound derivation,
we assume that each subtask Tlh releases a job every p; time
units, starting at time 0. Note that this is different from the
release pattern suggested by Fig. 1. This can be seen in
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Figure 2. Modified example task system.

Fig. 2, which is a modification of Fig. 1, in which some “ex-
tra” initial jobs have been introduced, so that each subtask
starts at time 0. Note that removing these “extra” jobs can-
not increase any job’s tardiness. Thus, it suffices to bound
tardiness assuming each subtask begins at time O.
Successive jobs of the same subtask are required to exe-
cute in sequence. Also, for j,h > 1, job Tlhj cannot com-

mence execution until job Th 11 completes. To avoid con-
fusion when discussing these precedence constraints, we
will refer to Tlhj 1 as the L-predecessor of Tlhj (assuming

j > 1), and Thj !} as the U-predecessor of T}, (assummg
4, h > 1). (“L” and “U” stand for “left” and * upper respec-
tively). For example, in Fig. 2, T2 ; 1s the L-predecessor of
Ty o and the U -predecessor of T2 9-

If ajob T, 1_’ ; completes at time ¢, then its tardiness is de-
fined as max(0,t — d ;)- A pipeline task’s tardiness is the
maximum of the tardiness of any job of any of its subtasks.
We require uf < 1 and Ugyy < m; otherwise, tardiness
can grow unboundedly. Note that, when a job of a subtask
misses its deadline, the release time of the next job of that
task is not altered. Despite this, it is still required that a job
cannot execute in parallel with either of its predecessors.

Under GEDF (GFIFO), released jobs are prioritized by
their deadlines (release times). So that our results can be
applied to both algorithms, we consider a generic schedul-
ing algorithm (GSA) where each job is prioritized by some
time point between its release time and deadline. For
any job T}, its prioritization function, p;’, is defined as:
Pi = Tix + K- pi, where 0 < £ < 1. We assume that for
subtasks belonging to the same task, ties are broken in favor
of earlier stages, and any remaining ties are broken by task
ID. Note that GEDF and GFIFO are special cases of GSA
where « is set to 1 and 0, respectively.

3 A Tardiness Bound for GSA

We derive a tardiness bound for GSA by comparing the
allocations to a pipelined task system 7 in a processor shar-
ing (PS) schedule and an actual GSA schedule of interest for
7, both on m processors, and quantifying the difference be-
tween the two. We analyze task allocations on a per-subtask
basis. According to our system model, each subtask can be
treated as a periodic task.



The time interval [t1,¢), where to > t1, consists of all
time instances ¢, where t; < t < t, and is of length ¢, —¢;.
For any time ¢ > 0, the notation ¢~ is used to denote the
time ¢ — ¢ in the limit ¢ — 04, and the notation ¢ is used
to denote the time ¢ + ¢ in the limit ¢ — 0+

Definition 1. A subtask 77 is active at time ¢ if there exists
a job T3, such that r}, < ¢ < d;%,. By our task model,
every subtask has one active job at any time.

Definition 2. Job 77", is pending at time t if 7", < t and
T3, has not completed execution by .

Definition 3. Job 73", is ready at t if ¢ > r}", and its L-
predecessor (if any) has completed execution at t. T3, is
enabled if it has been released and both its U- predecessor

(if any) and L-predecessor (if any) have completed.

Let A(Tfj ,t1,t2,.5) denote the total allocation to the job

TF; in an arbitrary schedule S in [t1,t5). Then, the total
time allocated to all jobs of TF in [t1,t,) in S is given by

S) =Y AT} t1,12, ).

Jjz1

A(T;;kvt17t27

Consider a PS schedule PS. In such a schedule, T ex-
ecutes with the rate u¥ at each instant when it is active in
[tl, tg). ThllS,

A(TF. t1,ty, PS) =

Zj’

(t2 — t1)uy’. e))

The difference between the allocation to a job T’f up to
time ¢ in a PS schedule and an arbitrary schedule .S, denoted
the lag of job Tfj at time t in schedule S, is defined by

= Zj>1la9( ikjvt S)
0,t,PS) — (”,OtS) 2)

lag(TF,t,S)
= A(TF

1]7

The concept of lag is important because, if it can be
shown that lags remain bounded, then tardiness is bounded
as well. The LAG for a finite job set .J at time ¢ in the sched-
ule S is defined by

LAG(J,t,S) = ZTk eJlag(Tfj,t S)
= ZTikjEJ( ( 1,370 t PS) A( zj707tas)) (3)

Our tardiness-bound derivation focuses on a given task
system 7. We order the jobs in 7 based on their priorities:
T3, < Tgp i pit, < pG g or (P, = pG ) A = a) A(w <
c)or (p’, = pgp) A (i < a). Let Th be a job of a subtask
ThinT, tg = d{f ;»and S be a GSA schedule for 7 with the
following property.

(P) The tardiness of every job 77 such that T} < Tlhj
is at most z + e}’ in S, where z > 0.

Our objective is to determine the smallest x such that the
tardiness of T ; is at most z + el'. This would by induction
imply a tardlness of at most = + e¥ for all jobs of every
subtask T} of T; € 7. We assume that Tth finishes after
tq, for otherwise, its tardiness is trivially zero. The steps for
determining the value for z are as follows.

1. Determine an upper bound on the work pending for
tasks in 7 that can compete with Tl}fj after ¢4. This is
dealt with in Lemmas 1, 2, and 3 in Sec. 3.1.

2. Determine a lower bound on the amount of work pend-
ing for tasks in 7 that can compete with Tl after tq,
required for the tardiness of 7}"; to exceed  +e;'. This
is dealt with in Lemma 4 in Sec. 3.2.

3. Determine the smallest = such that the tardiness of Tlhj

is at most x + e;’, using the above upper and lower
bounds.

Definition 4. We categorize jobs based on the relationship
between their priorities and deadlines and those of Tl’}j:

d={Tp, : (T}, =T} A (dY, <ta)}

D = (T2, (T < TVy) A (d, > 1)}

d is the set of jobs with deadlines at most £, with priority
at least that of Tlh] These jobs do not execute beyond ¢, in
the PS schedule. Note that Th is in d. D is the set of jobs
that have higher priorities than Thj and deadlines greater
than t4. Let Dy be the set of subtasks with jobs in D. D
consists of carry-in jobs, which have a release time before
ty; and a deadline after t;. Exactly one such job exists for
each subtask in Dy. Note that D is empty under GEDF

because jobs with later deadlines have lower priorities.

Definition 5. A time interval [t1,t2) is defined to be busy
for any job set 6 if all m processors are executing some job
in 6 at each instant in the interval. An interval [¢;,¢3) that
is not busy for # is defined to be non-busy for 6.

The following claim follows from the definition of LAG.

Claim 1. If LAG(d,t3,S) > LAG(d,t1,5), then [t1,t2)
is non-busy for d. In other words, LAG for d can increase
only throughout a non-busy interval.

An interval could be non-busy for d for two reasons:

1. There are not enough enabled jobs in d to occupy all
available processors. Such an interval is called non-
busy non-displacing.

2. Jobs in D occupy one or more processors and there are
enabled jobs in d. Such an interval is called non-busy
displacing.



Definition 6. Let ;” be the amount of work performed by
a carry-in job T;", by time tg.

Definition 7. Let B(D, ¢4, S) be the amount of work due to
jobs in D that can compete with Tlhj after t4.

Definition 8. If 77", first starts execution at time ¢, then ¢
is called its start time, denoted S(T}",). If T}, completes
execution at time ¢/, then ¢’ is called its finish time, denoted

F(T)-

Definition 9. Let max;, = max{j |1 < j <k < m A
Vw:1<w<k:el >e¥)}

emaacw _pw

Definition 10. Let s}’ = W. sV is called the
K3

subtask stretch of T®. Let s; = max{s},s?,...,s™

s; 1is called the task stretch of T;. Let S;0z =
max{sy, 82, ..., Sn - 8; is called the maximum stretch.

Since d UD includes all jobs of higher priority than Th ,
the competing work for Tz is given by the sum of (i) the
amount of work pending at ty for jobs in d, and (ii) the
amount of work B(D,t4,S) demanded by jobs in D that
competes with ﬂ{"j after t4. Since jobs from d have dead-
lines at most ¢4, they do not execute in the PS schedule
beyond t4. Thus, the work pending for them is given by
LAG(d,tq4,S). Therefore, the competing work for Tlhj af-
ter ¢4 is given by LAG(d, t4, S) + B(D, t4,S). Let

Z = LAG(d, tq, S) + B(D, g4, S). (4)

Note that jobs not in d UD have lower priority than those
in d U D and thus do not affect the scheduling of jobs in
d U D. For simplicity, we will henceforth assume that no
job not in d U D executes beyond .

3.1 Upper Bound

In this section, we determine an upper bound on Z in
terms of the parameters of the tasks in 7.

Definition 11. Let ¢,, be the end of the latest non-busy non-
displacing interval for d before ¢4, if any; otherwise, t,, = 0.

The following two lemmas have been proved previously
for both GEDF [4] and GFIFO [5]. Their proofs depend
only on Property (P) and are not affected by precedence
constraints, so they also hold for pipelined task systems.
For completeness, proofs in our framework are given in an
appendix.

Lemma 1.

ZT,;veDH

Lemma 2. lag(T},t,S) < u}l-x+¢€} for any subtask T}
and t € [0, tq).

LAGW,ts,5) <
(1 —uy), where t € [0,tg4].

LAG(d.t,,S) +

=] J's U-predecessor % J's L-predecessor
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Figure 3. Job J is blocked at time ¢.

Lemma 3 below upper bounds LAG(d, ¢, S).

Definition 12. Let U (7, y) (E(7,y)) be the set of min(y, b)
subtasks of highest utilization (execution cost) in 7, where
b is the number of subtasks in 7. Define U and I" as follows.

U= ZT;”GU(T,m(m—l)) u;U
I'= ZT;"EE(T,m(mfl)) e;U

Definition 13. If a released job’s L-predecessor has com-
pleted, but its U-predecessor has not, then it is said to be
blocked. Note that the first job of any subtask cannot be
blocked because it has no L-predecessor or U-predecessor.
Blocking is illustrated in Fig. 3.

Lemma 3. LAG(d,t,,S) <U-z+T.

Proof. By summing individual subtask lags at t,,, we can
bound LAG(d, t,, S). If t,, = 0, then LAG(d, t,,, S) = 0,
so assume that £, > 0. Consider the set of subtasks
B = {T;* : IT}", ind such that T}, is pending at ¢, . Given
that the instant tn is non-busy non- dlsplacmg, atmostm—1
subtasks in § have jobs executing at ¢;,. Due to the exis-
tence of blocked jobs, as defined in Def. 13, § may contain
more than m — 1 subtasks. In the worst case, a subtask
in 3 that is executing at ¢, could be a first-stage subtask,
T}, and it may cause jobs of subtasks in {72, T3, ..., T/}
to be blocked at ¢,; so that all m subtasks of the corre-
sponding pipeline task have pending jobs at ¢, . Since there
are at most m — 1 subtasks in [ that are executing at ¢,
|8] < m(m —1). If subtask T does not have pending jobs
at ¢, , then lag(T}", t,,S) < 0. Therefore, by (3), we have

Z lag(T} , tn, S)

< Z lag(T  tp, S)

LAG(d,t,,S) =

{by Lemma 2}
< Z w x4 ew
TveR
{because |5] < m(m — 1)}
<U-z+T. O

The demand placed by jobs in D after ¢4 is B(D, t4,.S) =
> rwep, (€ —d1). Thus, by (4) and Lemmas 1 and 3, we



have the following upper bound:

Z < U-z+D+ D @1 —uf)+(ef —5)
TeDu
< U-a4T+ Yy Y e (5)
TiETT;’UGTi

3.2 Lower Bound

In the following lemma, we determine a lower bound on
Z that is necessary for the tardiness of Tlhj to exceed z+el.

Lemma 4. If the tardiness of Tl}fg exceeds x + ef, then Z >

(1 = Smaz) - mz — (M — 1)ef‘ — Memaz-

Proof. We prove the contrapositive: we assume that

Z < (1= smaz) -mx— (m—1)e} —memaz (6)

holds and show that the tardiness of Tlh cannot exceed x +

e}'. Let ;" be the amount of work 7}"; performs by time ¢4
in S. Define y as follows.

h
.
m

y= (1= $maz) T+ (7
Let W be the amount of work due to jobs in d U D that can
compete with Tlhj after ¢4 + v, including the work due for
T}, Lett; = F(T}";) completes. We consider two cases.
Case 1. [tq,tq + y) is a busy interval for d UD. In this
case, by (6) and (7), W = Z —my < (1 — Sjaz) - mx —
(m — 1)6{1 — Memaz — MY = (1 — Smaz) - mz — (M —
1)6;‘ — Memaz — (1 — Smaz) - MT — nlh =—(m-— l)elh —
MEemazr — nlh < 0. Because GSA is work-conserving (i.e.,
GSA idles a processor only when there is no enabled job),
at least one processor is busy until Tlhj completes. Thus, the
amount of work performed by the system for jobs ind UD
during the interval [tq+y,t5) is at least £y — t; — y. Hence,
by —tqg—y <W <0. Thereforeh the tardiness of Tlhj is

tr—ta<y=(1—5Smaz)- :C+ <x+el

Case 2. [tq,tq + y) is a non-busy interval for d UD. Let
ts > tq be the earliest non-busy instant in [¢4, ¢4 + y). Job
Tlhj cannot start execution before its predecessors complete.
Let ¢, be the latest finish time of Tl ’s predecessors. We
con51der three subcases.

Subcase 2.1. ¢, < t5 and T} h- is not preempted before
its completion. In this case, T can start execution at ¢,
because ts is non-busy. Thus because ts < tqg+ y, by (7)

ﬁmshes by time ¢, —|— el — 771 <tg+y-+ el — nl =
td+(1 Smaz) * x+lﬁl+el —nt <tg+z+el
Subcase 2.2 t, < t, and Tl7 i

completion. Let t; > ts be the earliest time when Tlhj is

is preempted before its

[ [ [ I
Lo Busy interval b : :Bu : :
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1Lt preempted 1 [ R Lo
R [ [ -
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Work performed during [tg,tq+y) is

ot ytta G
:
: at least: my-(m-1)e”,

Figure 4. Subcase 2.2

preempted As shown in Fig. 4, by the definition of ¢, and
t1, T 1 executes continuously within [ts,¢;). Because Th
is preempted at ¢1, ¢ is busy with respect to dUD. Let o be
the last time T{‘] resumes execution after being preempted.
(Since a finite number of jobs have higher priority than Tlh
to exists.) Within [t1, t2), Th could be preempted multiple
times. All such intervals durlng which Tlhj is preempted
must be busy in order for the preemption to happen. Given
that £y < t2+€{7'—77lh,ift2 < y+tg thenty < y+
tq + el — nl, in which case, by (7), the tardiness of Tlh] i
tr—ta<y+el —nt < (1= Smazx) T+el <az+el,
as required. If t5 > t4 + v, then the amount of work due to
d U D performed within [t4, tq + y) is at least my — (m —
1) - min(el, y) because all intervals during which Tlh
preempted are busy, and Th can execute for at most e’ ; time
in[tq,y+tq). (Within such intervals, at least one processor
is occupied by T{Lj.) Thus, the amount of work that can
compete with Tth after tg + y is

w < Z—(my—(m—1)~min(ef’7y))

{by (6)}

< (1= Smaz) -ma — (m = 1)e — Memax
—(my — (m — 1) - min(e}" y))

S (1 - smaz) ML — MEmax — MY
{by (7)}

= —Memazx — 771h

< 0.

Therefore, the tardiness of T

Yy = (1 - Smcm) X +

Subcase 2.3: t, > t The earliest time Thj can com-
mence execution is ¢, as shown in Fig. 5. If fewer than
m subtasks have ready jobs in d U D at any time instant
within [t, ¢, ), then T}, will start execution at t,, and finish
at t, + el'. (Note that the number of ready jobs in d U D
after ¢4 is non-increasing as time increases.) According to
Property (P), ¢, <tq—pi+x+ max{ef, egl_l} <tg+z.
Thus, the tardiness of Tlh] istyp—tqg = tp—i—ef —tg < x—l—e?.

1stf—td<y—|—W<

<x+q
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Figure 5. Subcase 2.3

The remaining possibility (which requires a much
lengthier argument) is: ¢, > ¢, and at least m subtasks
have ready jobs in d UD at each time instant within [¢,, ¢,).
Our initial goal in this case is to prove that the amount
of work performed within [t,,,) due to d U D is at least
(1 = Smaz) - m(tp — ts) — Mepmqy (see Claim 3 below).

In this case, given that at least m subtasks have ready
jobs in d U D at ¢4, ts is non-busy due to the existence of
blocked jobs, as defined in Def. 13.

Definition 14. If 77", is enabled at time ¢ but does not exe-
cute at t, then it is preempted at t. The total time for which
T3, is preempted is called its preemption time.

Definition 15. We define the set of U-jobs of any job
Ty, to be T4 T %, .., T yyys if v > w. Oth-

erwise, if w > wv, then the set of U-jobs of T}, is
Tw 1 Tw 2 T@—v+1

t,v—1 T u—20

A U-job of T}, is a job of the same pipeline task that
may impact the scheduling of 77" , directly or indirectly,

7,V

through precedence constraints.

Definition 16. If T3, is blocked at time ¢ and none of 73, ’s
U-jobs is preempted at t, then T} is idle blocked at t. The
total time for which T, is idle blocked within a time inter-
val [t,t') is called its idle blocking time within [t,t').

Note that, if some of 77",’s U-jobs are preempted while
T3, is blocked, then there can be no idle processors. Thus,
T“’ ’s idle blocking time upper-bounds the total time for
Wthh some processor is idle while 77", is blocked that
could otherwise execute 77 if it had not been blocked.

1,V

Claim 2. The total idle blocking time of T}F

MATLqy, k
€; — €.

» IS at most

Proof. We prove the claim by induction on k. The base
case is trivial: Ti{v has no U-predecessor and thus is not
blocked. We shall now prove the induction step, k > 1. For
simplicity, let J denote T’C Jy, denote T Jy denote

,v—1°

TZ"U !, and J;; ' denote Tzkv 1. Lett = S(Jp) and t/ =
F(Jp), as shown in Fig. 6. Note that if .J;, does not exist,
then J is released at time zero and will not be blocked, by

Def. 13. So, assume that J, exists.

| [ |
tZS(JL) t'= F(JL)
Figure 6. Upper bounding idle blocking time.

Case 1: Jy’s U-predecessor is complete at ¢ (or, it does
not exist). Observe that J;; ! (if it exists) is complete by
time t (otherwise, J;, could not execute). Thus, Jy; is en-
abled at or before ¢, which implies that all U-jobs of J other
than Jy complete at or before ¢. If Jy; does not complete
by time ¢/, then in [¢, '), by our priority definition, Ji; exe-
cutes whenever Jy, does, and Jy, is preempted whenever Ji;
is. Therefore, after ', J;y has at most max(0, e " — eF)
computation time left, which is at most ]**** — eF. Given
that Jy; is the only U-job of J that may not have completed
by time ', by Def. 16, Ti’fv’s total idle blocking time is at
most e]"*" — ek,

Case 2: Jy;’s U-predecessor is not complete at ¢. Then,
Ju is blocked at or after £. By the induction hypothesis,
Ju idle blocks for at most ]"*** — ¢¥~! time at or af-
ter t. Thus, the amount of work due to Jy and its U-
jobs performed in [t, F/(Jy)) is at most Jy’s idle block-
ing time plus an additional ekfl (for Jy7), which is at most
et k=l g kel — em‘”“’ During [¢,t'], if Jp, ex-
ecutes, then one of Jy’s U- ]obs @if Jy is blocked) or Jy;
@if Jyr is not blocked) execute as well, because such jobs
have higher priority than J;,. Thus, the amount of work due
to Jy and its U-jobs performed in [¢/, F(Jyy)) is at most
e;"4w — ¢7. Therefore, by Def 16, the total idle blocking
time for J is at most et T — ek, O
Definition 17. The pre-stage subtasks of any subtask TP
are T} T2, ..., TF.

Let W’ be the amount of work due to d U D performed
during [ts,,). Let I be the total idle time in [¢5,¢,), where
the idle time at each instant is the number of idle processors
at that instant. Then, W’ +1 = m- (¢, —t,). The following
claim will be used to complete the proof of Subcase 2.3.1.

Z (]- - Smar) : m(tp - tS)

Proof. We prove the claim by constructing m disjoint sets
of jobs, denoted AV, X2 X(")  that execute (at least
partially) in [t,t,). The construction method is described
by the algorithm Schedule-scan in Fig. 7. The jobs added
to each \(*) are selected at lines 3 and 12 in Schedule-
scan. Each selected job exists because at least m jobs in
d U D are ready at each time instant within [¢,¢,). For

each selected job Ti(k), an initial time, IT(ﬂ(k)), and an

Claim 3. W'

— MEmazx-



Algorithm 1 Schedule-scan
1: Let AV X® A0 pe m disjoint job sets
2: ti=ts
3: Select m jobs, J{l), Jl(z)7 ey J{m), that are ready at ¢
4: for k :=1tomdo
5: qr ‘= 1
6 IT(T™):=t,
7
8

Add J{k), where 1 < k < m, to set A
: end for
9: fort:=t;+1tot, —1do
10: fork:=1tomdo

11: if Jéf) completes at ¢ then

12: qr = qr + 1

13: Select a job not in A(Y U ... U A(™) that is ready at ¢
14: Let J(gf) be this job and add it to A%

15: ET(T ) = IT(T) =1t

16: end if

17:  end for

18: end for

19: for £k = 1 to m do
20 ET(TY) :=t,
21: end for

Figure 7. Psuedocode of Schedule-scan.

end time, ET(TZ-(k)), are computed. The corresponding in-
tervals [IT(Ti(k)),ET(ﬂ(k))), where Ti(k) € A\F), satisfy
S e (BT = 1T(T))
rated in Fig. 8. We call the interval [IT(Ti(k)), ET(Ti(k)))
the presence interval for Ti(k).

Note that a job Ti(k) may execute before I T(Ti(k)), and
in addition, if Ti(k) is the last selected job for A(¥), it may

= 1, — ts, as illus-

complete execution after ET(TZ.(k)). We are primarily in-

terested in the computation Ti(k) performs in its presence
interval. As such intervals do not overlap for different jobs
in A(*), we assume, without loss of generality, that each job
in A(%) executes on processor k during its presence interval.

We now upper-bound the idleness within [ts, ¢,,) on pro-
cessor k. Consider a job .J in \(¥). We first upper bound the
idle time on processor k within [IT(J), ET(J)), and then
sum over all such intervals as defined in constructing A(*).

If processor k is idle at any time in [IT(J), E(J)),
then J is blocked at that time. By the discussion fol-
lowing Def. 16, it follows that J’s idle blocking time in
[IT(J),ET(J)), denoted I(J), upper-bounds the actual
idle time on processor k in [IT(J), ET(J)). By Claim 2,
I(J) < eme=()) —¢(]), where e™**(7) is the maximum
execution time among all pre-stage subtasks of .J, and e(J)
is J’s execution time.

Because each selected job may execute partially in its
presence interval (as discussed above), jobs in A(*) can be
classified into three sets: (i) /N, which consists of jobs that
execute fully within their presence intervals; (ii) BE (for Be-

) ) v ) (k)
3 JP IO Jo g

k
I =t, ETO=1T0 ETP=1T®  ETO,=1TY ET® =t,
Figure 8. Job intervals within [¢;,¢,] defined
by schedule-scan.

fore), which consists of jobs that execute partially in their
presence intervals but complete before ¢, (and also the end
of their presence intervals); and (iii) AF (for After), which
consists of jobs that execute partially in their presence in-
tervals but complete after ¢,. Note that AF consists of at
most one job, which is the last selected job in AR In or-
der to upper-bound the idleness within [¢, ¢,,) on processor
k, we prove that for any job J in IN and BE, the idleness
within [IT(J), ET(J)) is at most 8y,q. - (ET(J)—IT(J)),
and for the (at most) one job J in AF, the idleness within
[IT(J), ET(J))is at most Syaz - (ET(J)—IT(J))+eEmaz-
Case 1: J < IN. If J is idle blocked at t €
[IT(J),ET(J)), then by Def. 16, J and J’s U-jobs are
not preempted at ¢. Similarly, if J or one of J’s U-
jobs is preempted at ¢, then J is not idle blocked at t.
Thus, because J executes fully during its presence inter-
val, ET(J) — IT(J) = I(J) + A(J) + e(J), where
I(J) is J’s idle blocking time in [IT(J), ET(J)), A(J)
is the total preemption time of J and J’s U-jobs within
[IT(J),ET(J)), and e(J) is J’s execution time. Thus,

I(J) = M% (ET(J) — IT(J))
_ 1(J)
T I+ AU) Fe(d) (ET(]) - IT(J)
< gk (BTO) - 11()
{by Claim2}
emaz(]) _ G(J)
< iy (ET() - IT(J))

emaz(J)
< Sman - (ET(J) = IT(J)).

Case 2: J € BE. In this case J starts execution be-
fore I'T(J). Thus, J either executes or is preempted during
[IT(J), ET(J)]. Therefore, I(J) = 0.

Case 3: J € AF. In this case J may not have completed
execution at tp, or may not even start execution at tp. ‘We
prove that I(J) < S$pey - (ET(J) — IT(J)) + €mas- Let
€¢'(J) denote the amount of execution J performs within
[IT(J), ET(J)). Thus, ET(J)—IT(J) = I(J)+A(J)+
e'(J), where I(J) and A(J) are as defined in Case 1. We
consider two subcases.

Subcase 3.1: A(J) > e(J) — €¢/(J). In this case,
ET(J)—IT(J)=1(J)+A(J)+e'(J) = I(J)+(e(J)—



e'(J))+e(J)=1I(J)+ e(J). Thus, we have

I(J) ET(Jg(_J)IT(J)-(ET(J)—IT(J))
I(J)
< m'(ET(J)_IT(J))

{reasoning as in Case 1}
< Smaz - (ET(J) = IT(J))
< Smaz - (BET(J) = IT(J)) + emaz-
Subcase 3.2: A(J) < e(J) — €/(J). In this case, given
that I(.J) < e™*()) — ¢(.J), by Claim 2, we have ET(.J) —
IT(J) = I(J) + A(J) + €(J) < (eme=) — e(J)) +
(e(J) =€ (J)) + € (J) = ™)) < e,,4. Thus, we have
I(J) < ET(J) — IT(J) < emaz < Smaz - (ET(J) —
IT(D) + emaz-
Because there is at most one job in AF, the idleness
within [t,,t,) on processor k, denoted I k_satisfies

I" <" Sman (BT(J) = IT(J)) + €maa
Jek)
= Smazx (tp - ts) + emax

Given that there are m A sets, the idleness within [t,, )
on all m processors, I, is at most m - max{[k} <m-(Smaz-
(tp — ts) + €maz) = Smag - M(tp — ts) + Memay. Thus,
W' =m(t,—ts) —I > (1= $pmaz) - m(tp —ts) — Memag-
This completes the proof of Claim 3. [

We now complete the proof of Subcase 3.2 (and thereby
Lemma 4).

As shown in Fig. 5, [t4,ts) and [tp,S(T[fj)) are busy
for d U D. By Claim 3, the amount of work due tod UD
performed in [t, t,,) is at least (1 — Spaq) - m(tp, —ts) —m-
€maz- Also, the amount of work due to d U D performed in
[S(T]), F(T])) is at least m(F(T}) — S(T}))) — (m —
1)e} (see Subcase 2.2). Thus, we have

Z > m(ts —ta) + (1 — Spmaz) - m(ty —ts)
— M €maz + m(S(Tlhj) - tp)
+m(F(T;) — S(T})) — (m — 1)ey'.
By (6), we therefore have
(1 = Smaz) -mz—(m—1)- 6? — Memaz
> m(ts —tqa) + (1 — Smaz) - m(tp — ts)
— M - Cmaz + m(S(TlZ) —1p)
+m(E(T) = S(T}4)) — (m = 1)ef
which gives,

F(/I’l”l]) - td S (1 - Smax) “ T+ Smag (tp - ts)~
According to Property (P), t, —t, < t, —tq < x —p +
maz{e}, e} "*} < x. Therefore, F(Tl}fj)ftd < (1=Smaz )
x+smar~x<x+ef. O

3.3 Determining x

Setting the upper bound on LAG(d, t4, S)+ B(D, t4, S)
in (5) to be at most the lower bound in Lemma 4 will ensure
that the tardiness of Tl””j is at most z+e€/'. By solving for the
minimum x that satisfies the resulting inequality, we obtain
a value of z that is sufficient for ensuring a tardiness of at
most x + ef‘. By (5) and Lemma 4, this inequality is

Uz + T+ 0 D rrer, ey
< (1- smaz) -mz— (m— l)e? — Memaz-
Solving for x, we have

I+ ZT,-ET ZTL_keTi ek 4+ (m — 1)6? + Memaz

= (1= Smaz) - m—U

(®)

If x equals the right-hand side of (8), then the tardiness

of Tlh] will not exceed = + el'. A value for z that is

independent of the parameters of Tlh can be obtained by
replacing (m — 1)e}* with maz; ,((m — 1)el!) in (8).

Theorem 1. With x as defined above, the tardiness for any
subtask Tf v scheduled under GSA is at most x +e§L, provided
U < (1= $maz) m, where U is sum of the m(m—1) largest
subtask utilizations.

For GFIFO, the bound in Theorem 1 can be improved
slightly.

Corollary 1. The tardiness for any subtask Tlh sched-

uled under GFIFO is at most © + e?, where T =

L+ (m—1)e} + meman + Zpbp{l ek
(1= Smaz) - m—U

(1 = Smaz) - m.

, provided U <

Proof. Under GFIFO, Dy consists of carry-in jobs that
are released before rl’fj and have deadlines later than t,,
which implies that these jobs have periods greater than
p;. Thus, an upper bound on the LAG possible for 7 at
tq under GEDF becomes LAG (d,t4,S) + B(D,t4,5) <
U-x+T'+ Zpbplh ek. Using this upper bound to solve for
x, the corollarybfollows. O

For GEDF, the bound in Corollary 1 can be further im-
proved.

Corollary 2. The tardiness for any subtask Tlh sched-

uled under GEDF is at most © + elh, where x =

L'+ (m-— 1)6;1 + memaz
(1= Smaz) - m—U

Proof. Under GEDF, the demand placed by jobs in D af-
ter ¢4 is zero because D = (. Thus, an upper bound

, provided U < (1 — Spaz) - M.



on the LAG possible for 7 at t; under GEDF becomes
LAG (d,tq,S) + B(D,tgq,S) < U-x+T. Using this upper
bound to solve for x, the corollary follows. O

Definition 18. A pipeline task 7T} with h stages is monoton-
ically increasing if (Vj:1<j<h:ue < e{“).

Corollary 3. If all pipeline tasks are monotonically in-
creasing, then the tardiness for any subtask Tlh sched-
uled under GSA is at most x + e?, where © =

U+ ner ke, e + (m—1)ef + memaz

In this

m
case, because U < Ugym, we only need to constrain total
utilization by Ugy, < m.

Proof. By Defs. 10 and 18, 4, = 0 in this case. O]
Corollary 4. For two-processor  systems, the
tardiness  for any  subtask Tlh scheduled  un-
der GSA is at most x + ef, where x =

I+ ZTiET ZTikETi 6? + (m - 1)6? + Memax

(again,

m—U

only Ugym < m is required).
Proof. If m = 2, then the lower bound as stated in

Lemma 4 becomes mxz — (m — l)ef1 — Memaz- 1n this
case, Lemma 4 holds trivially because [t4,tq + y) is a busy
interval for d U D (details are left to the reader). By solving
x using this lower bound, the corollary holds. O

3.4 A Counterexample

Previous research has shown that every periodic task sys-
tem under GFIFO or GEDF scheduling has bounded tardi-
ness [5]. We show that it is possible for a pipeline task sys-
tem to have unbounded tardiness under GFIFO or GEDF
scheduling, if the utilization cap in Theorem 1 is violated.

Consider a task set 7, to be scheduled under GFIFO or
GEDF on three processors, that consists of two two-stage
pipeline tasks: T = (9,10),T? = (7,10), 7} = (5,5),
and T3 = (2,5). For this task system, 8,4, = 6267162 =
0.6 and U = 3. Thus, (1 — Spaz) -m = 1.2 < U,thich
violates the condition stated in Theorem 1. Fig. 9 shows the
tardiness of both pipeline tasks scheduled under GFIFO in
this example by job instance. These graphs were obtained
by simulating the execution of this system. We have veri-
fied analytically that the tardiness growth rate seen in these
graphs continues indefinitely (this is also true for GEDF).

This counterexample shows that, on three or more pro-
cessors, overall utilization must (generally) be constrained.
As seen in Corollary 4, on two-processor systems, only
Usum < m is required.

Tardiness
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900  ------- Tardiness for T,
800
700
600
500
400 T
300 T

200 e

100 T

1000 Number of
job instances

0 200 400 600 800

Figure 9. Tardiness growth rates for coun-
terexample under GFIFO.

3.5 Experimental Evaluation

In this section, we describe the results of two sets of ex-
periments conducted using randomly-generated task sets to
evaluate the accuracy and the applicability of the tardiness
bounds for GFIFO and GEDF derived in Sec. 3.3.

The goal of the first set of experiments is to exam-
ine how restrictive the utilization cap stated in Theorem 1
is. Task sets were generated as follows. The maximum
per-subtask utilization ,,q, was chosen uniformly over
{0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5}.  Spmax
varied over {0.1,0.2,0.3,0.4,0.5,0.6} and was determined
by setting €, = 10, where e,,,4, 1S the maximum per-
subtask execution cost. We selected each subtask’s execu-
tion cost uniformly over [i - €mazs €maz], Where p is a co-
efficient with range {0.4,0.5,0.6,0.7,0.8,0.9}. For each
combination of parameters (Umaz, Smaz), 1,000 task sets
were generated for a four-processor system.

As seen in Fig. 10, when u,,,4, < 0.3, all task sets have
bounded tardiness. This is because when per-subtask uti-
lizations are not high, U becomes small even if total uti-
lization is m. When u,,,, exceeds 0.5 (note that 0.5 is a
very high per-subtask utilization, given that each pipeline
task may contain four subtasks), approximately 80% of all
task sets are still schedulable with bounded tardiness if
Smaz < 0.5. Even when s,,,, = 0.6 and 4, = 0.5,
approximately 65% of all task sets have bounded tardiness.

The second set of experiments was conducted to com-
pare computed and observed tardiness for both ordinary
and pipelined task systems under both GFIFO and GEDF.
We used the same method as used in the first experiment
to generate task systems. (By simply removing all prece-
dence constraints, we obtain ordinary task systems.) 1,000
task sets were generated for a four-processor system with
Umae = 0.1 and ¢ = 0.8. When generating task sets, we
dropped any task set that violates the condition as stated in
Thereom 1 (and those for which bounded tardiness cannot
be guaranteed). As shown in Fig. 11, the tardiness bound
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Figure 10. Applicability.

of pipeline task systems scheduled under GEDF (denoted
GEDF-P) or GFIFO (denoted GFIFO-P) is much higher
than that of ordinary task systems. This is due to the de-
nominator (1 — $;,42)m — U in the derived bound, which
is smaller than that appearing in the bound for ordinary task
systems [4,5]. However, the observed tardiness of pipeline
task systems under GEDF or GFIFO is fairly close to that
of ordinary task systems. These results (which for lack of
space are all that we can present) suggest that GEDF and
GFIFO are reasonable global scheduling options to consider
for pipeline task systems.

4 Conclusion

We have derived a tardiness bound that can be applied
to globally-scheduled periodic pipeline task systems. This
bound is applicable to a class of global algorithms that in-
cludes GEDF and GIFO. The derived tardiness bound re-
quires overall utilization to be constrained in some sys-
tems. However, only Ug,,, < m is required for any two-
processor system or for any system where all pipeline tasks
are monotonically increasing. For other systems, utilization
constraints are fundamental, as we have shown via a coun-
terexample. Nonetheless, for these systems, the required
constraint is quite liberal.

Perhaps the most important future work motivated by
this paper is to extend our results to apply to sporadic task
systems. Our tardiness proof relies crucially on the tie-
breaking rule we assumed concerning subtasks within the
same pipeline task. In a sporadic task system, job releases
can be slightly jittered to produce a schedule that is “al-
most” periodic in which no two jobs have the same priority.
In such cases, tie-breaking rules are of no utility. By exploit-
ing this fact, we have been able to derive a number of coun-
terexamples (including for two processors) in which tardi-
ness grows unboundedly in sporadic systems. We suspect
that such systems may need to be dealt with by using pe-
riodic server tasks to service sporadic workflows. We plan
to consider this issue, as well as other complexities such as
shared resources, in future work.
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S Appendix

Let A(x, t1,t2,S) denote the total time allocated to all
jobs in the job set x in [t1,t2) in S.

Lemma 1. LAG(d,tq,S) < LAGW,t,,S) +
ZT}:,EDH 01 (1 —uy), where t € [0, t4].



Proof. By (3), we have

LAG (d,tq,S) < LAG(d,t,,S)+ A(d,ty,,tq, PS)

—A (da tnatdas)' (9)

We split [t,,ty) into 2z non-overlapping intervals
[tpirtg:), 1 < i < zsuch that t, = tp,,t5, ., = tp,,
and t,, = t4. Each interval [t,,, t,,) is either busy or non-
busy displacing for d, by the selection of ¢,,. We assume
that the intervals are deﬁned so that for each non-busy
displacing interval [t,,, t,,), if a subtask in Dy executes in
[tp:,tq;) then it executes contlnuously throughout [t,,,, ¢4, );
we let «; denote the set of such subtasks.

We now bound the difference between the work per-
formed in the PS schedule and the GSA schedule S across
each of these intervals [t,,,t4,). The sum of these bounds
will give us a bound on the total allocation difference
throughout [t,,, t4). Depending on the nature of the interval
[tp:»tq: ), two cases are possible.

Case 1. [tp,,t,,) is busy. Since in S all processors
are occupied by jobs in d, we have A(d,?,,,tq,PS) —
A(d, 1y, 1, S) < Usum (tq,, tp,) —mlty, —tp,) < 0.

Case 2. [t,,,t,,) is non-busy displacing. The cumula-
tive utilization of all subtasks Ty’ € i is 3 pu g, ui- The
carry-in jobs of these subtasks do not belong to d, by the
definition of d. Therefore, the allocation of jobs in d dur-
ing [tp,, tq,) in PSis A(d, t,,,t4,, PS) < (tg, —tp,)(m —
ZT]:, cau u}’). All processors are occupied at every time in-
stant in the interval [t,, , ¢y, ), because it is displacing. Thus,
A(d, tp,,tq,,S) = (tg — tp,)(m — |ay]). Therefore, the
allocation difference for jobs in d thoughout the interval is

A(d, tp,, g, PS) — A(d, tp,, ty,, S)
< (e —tp) ((m = Y uff) = (m —|ai]))
Ty ea;
= (tth - tpi) Z (1 - uk:) (10)

TV €y

For each subtask 77" in Dy, the sum of the lengths of the
intervals [t,,,t4,) in which the carry-in job of T} executes
continuously is at most J;’. Thus, summing the allocation
differences for all the intervals [t,,,t,,) given by (10), we
have

A(d tn,ta, PS) — A(d, t,, tq,S)

< Z Z g — tp)(1 —uy)
1=1TY€Dn

< Y -u) an
T,:”GDH

11

Setting this value into (9), we get LAG(d,tq4,S) <
LAG(,t,,S) + A(d,tp,tq, PS) — A(d,tn,t4,S) <
LAG(d, t, S) + Lpep,, 0 (1= uft). O

Lemma 2. lag(T}¥,t,S) < uj -« + e}’ for any subtask 7"
and t € [0, 4]

Proof. Letdy! . i.; be the deadline of the earliest pending job of
T, Tk ., in the schedule S at time ¢. If such a job does not
exist, then lag(Ty,t,S) < 0, and the lemma holds trivially.
Let v, be the amount of work 7}, performs before ¢.

By the selection of T“j > we have

lag(Tyt,8) = > lag(T{%.t,S)

h>j
= Z(A(Tlgjhv Oatv PS) - A(Tlgjhaovta S))
h>j

Given that no job executes before its release time,
A(T,,0,t,8) = A(T},, 71, 1, S). Thus,

lag(T} . t,8) = A(TY¥;,rin,t, PS) — A(T;,mi¢ 5,1, 5)

+ Z(A(Tlgjhvr;cu,hvta PS)

h>j

_A(Tk: harkihvtas))' (12)

By the definition of PS, A(T’;,ry),,t, PS) < e},

and 32, AT, 1,1, PS) < up - (t — d',‘jj) By
the selection of Tk], ATyt 8) = vy, and

> ons AT, i ps . S) = 0. By setting these values into
(12), we have

lag(Tléuatvs)Se;:_fY;:_Fu}:(t_ Z),]) (13)
There are two cases to consider.
Case 1. d};’ij > . In this case, (13) be-

comes lag(T},t,S) <
lag(Ty¥,t,8) <uy -z +e}f.

ey — 7, which implies

Case 2. d;’; < t. By Property (P), T}, has tardiness
atmost x + )7, so t + e’ — v < di; + = + ej. Thus,
t— dw . < x + . Setting this value 1nt0 (13), we have
lag(Tk ,t S) <ul-x+ep. O



